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Sampling from a distribution

• Given access to density function 𝜇: Ω → ℝ≥0, output 𝑥 in Ω s.t.
ℙ 𝑥 ∝ 𝜇 𝑥

E.g.: (sampling problems) 
o random spanning tree [Aldous-Broder’90, Colbourn-Myrvold-Neufeld’96, Kelner-Madry’09, 

Madry-Straszak-Tarnawski’15, Schild’18, Anari-Liu-OveisGharan-Vinzant-V.—STOC’21] 

o matroid bases [Anari-Liu-OveisGharan-Vinzant—STOC’19,Cryan-Guo-Mousa—FOCS’19]

o perfect matching? For bipartite graph: [Jerrum-Sinclair-Vigoda’04]



Sampling from a distribution

• Given access to density function 𝜇: Ω → ℝ≥0, output 𝑥 in Ω s.t.
ℙ 𝑥 ∝ 𝜇 𝑥

• Sufficient to approximately sample i.e. output x according to ℙ s.t.

𝑑𝑇𝑉 ℙ, ℙ = σ |ℙ 𝑥 − ℙ(x)|<0.01



Overview

1. Motivation
• Ising and hardcore model
• Glauber dynamics
• Multi-step down-up walks
• Markov chain and mixing time

2. Entropic Independence
• Definition
• From fractional log-concavity to entropic independence

3. Tight mixing time for local walks
• Local-to-global argument
• Glauber dynamics for Ising/hardcore models



Ising models
Counting/Sampling:

Structure of materials

Neural Networks--Hopfield Model

Interacting particle process (Ligett)
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Hardcore model
Counting/sampling independent sets of 
graph G = G (V,E) with max degree Δ

MIS is NP-hard

𝜆 ≥ 𝜆Δ ≈
𝑒

Δ
: NP-hard to count/sample

𝜆 < 𝜆Δ(1 − 𝛿) (tree-unique region): 

𝜇𝐺,𝜆 has correlation decay. Easy to sample? 

Many recent results
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Sampling using Glauber dynamics

• Start at distribution 𝜇0, apply transition rule 
for T steps to reach desired distribution 𝜇.

• Want: T = 𝑂 𝑛 log 𝑛 i.e. optimal mixing 
time.
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1. 𝐷𝑛→(𝑛−1):

2. 𝑈(𝑛−1)→𝑛:

1 2 3 4 5 1 2 4 5

1 2 4 5

1 2 3 4 51 2 3 4 5

𝜇 𝜎3 = −1 𝜎−3)
𝜇 𝜎3 = +1 𝜎−3)

• Need: theory to bound mixing time.



Multi-steps down-up walk for 𝜇: [𝑛]
𝑘

→ ℝ≥0

1. 𝐷𝑘→(𝑘−ℓ): 1 2 3 1

2

3

1

1 2 3

1 2 4

1 4 51 2 5

1 3 4

1 3 5

2. 𝑈(𝑘−ℓ)→𝑘:

1 4 51 2 3

1 2 4

1 2 3

2 4 5

𝑃 = 𝐷𝑘→(𝑘−ℓ)𝑈 𝑘−ℓ →𝑘



Why study (multi-step) down-up walks?

• 1-step down-up walks ≡ Glauber dynamics, basis exchange walks 
to sample matroid bases

• 2-step down-up walks: sample matchings in planar graph 
[Alimohammadi-Anari-Shiragur-V.—STOC’21]

• Block Glauber dynamics [Chen-Liu-Vigoda—STOC’21]

• Field dynamics (to sample from hardcore models) [Chen-Yin-Feng-Zhang—
FOCS’21]
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Markov chain and mixing time

• Markov chain with transition matrix P with stationary dist. 𝜇

𝜈 → 𝜈𝑃 → 𝜈𝑃2 → ⋯ → 𝜇 = 𝜇𝑃

• Distance between probability distribution (f-divergence)

𝒟𝑓(𝜈| 𝜇 = 𝔼𝜇 𝑓
𝜈 𝑥

𝜇 𝑥
− 𝑓 𝔼𝜇

𝜈 𝑥

𝜇 𝑥
≥ 0

• To bound number of steps till convergence (𝑇𝑚𝑖𝑥), need to show P contract 𝐷𝑓

𝒟𝑓(𝜈𝑃| 𝜇𝑃 ≤ 1 − 𝜌𝑓 𝒟𝑓(𝜈||𝜇)



f-divergence contraction vs. mixing time

Variance contraction (𝒇 = 𝒙𝟐)

• 𝑇𝑚𝑖𝑥 ≤ 𝜌𝑥2
−1 log min 𝜇 𝑥 −1

• 𝜌𝑥2 = 1 − 𝜆2 𝑃



f-divergence contraction vs. mixing time

Variance contraction (𝒇 = 𝒙𝟐)

• 𝑇𝑚𝑖𝑥 ≤ 𝜌𝑥2
−1 log min 𝜇 𝑥 −1

• 𝜌𝑥2 = 1 − 𝜆2 𝑃

Entropy contraction (𝒇 = 𝒙 𝒍𝒐𝒈 𝒙)

• 𝑇𝑚𝑖𝑥 ≤ 𝜌𝐾𝐿
−1 log log min 𝜇 𝑥 −1

• 𝒟𝑥 log 𝑥 = 𝒟𝐾𝐿



f-divergence contraction vs. mixing time

Variance contraction (𝒇 = 𝒙𝟐)

• 𝑇𝑚𝑖𝑥 ≤ 𝜌𝑥2
−1 log min 𝜇 𝑥 −1

• 𝜌𝑥2 = 1 − 𝜆2 𝑃

Entropy contraction (𝒇 = 𝒙 𝒍𝒐𝒈 𝒙)

• 𝑇𝑚𝑖𝑥 ≤ 𝜌𝐾𝐿
−1 log log min 𝜇 𝑥 −1

• 𝒟𝑥 log 𝑥 = 𝒟𝐾𝐿

Typically for Glauber dynamics: 𝜌𝑥2 = 𝜌𝐾𝐿 =
1

𝑛

but log min 𝜇 𝑥 −1 ≈ 𝑛. Bounding 𝜌𝐾𝐿 ⇒ quadratic improvement on 𝑇𝑚𝑖𝑥

Bonus: 𝜌𝐾𝐿 = 1/𝑛 ⇒ concentration of Lipschitz functions

It is hard to bound 𝜌𝐾𝐿!



Multi-steps down-up walks

• Transition matrix 𝑃 = 𝐷𝑘→(𝑘−ℓ)𝑈 𝑘−ℓ →𝑘

• Reversible

• Converge to 𝜇 (𝜇 is used to define up-operator)

• Mixing time is controlled by entropy contraction of 𝐷𝑘→(𝑘−ℓ)

𝒟𝐾𝐿(𝜈𝐷𝑘→(𝑘−ℓ)| 𝜇𝐷𝑘→(𝑘−ℓ) ≤ 1 − 𝜌 𝒟𝑓(𝜈||𝜇)



Sampling from Ising models

[Bauerschmidt
- Bodineau’19]

Sampling time

[Anari-Jain-
Koehler-Pham-
V.’21a, 
Chen-Eldan’22]

෨𝑂 𝑛2

Curies-Weiss
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𝐽 = (𝟏 𝟏𝑇)/𝑛
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Sampling from hardcore model (𝜆 < 𝜆Δ(1 − 𝛿))

[Chen-Liu-
Vigoda-
STOC”21]

[Anari-Jain-Koehler-
Pham-V.’21a,b], 
[Chen-Eldan’22]
[Chen-Yin-Feng-
Zhang’22]

෨𝑂 𝑛2

෨𝑂 𝑛

[Anari-Liu-
OveisGharan
—FOCS’20]

෨𝑂 𝑛1/𝛿

[Chen-Yin-
Feng-Zhang-
FOCS
21]

Δ = 𝑂(1)

෨𝑂 𝑛log Δ

[Weitz-06]

Sampling time



Overview

1. Motivation
• Ising and hardcore model
• Glauber dynamics
• Markov chain and mixing time

2. Entropic Independence
• Definition
• From fractional log-concavity to entropic independence

3. Tight mixing time for local walks
• Multi-step down-up walks
• Local-to-global argument
• Glauber dynamics for Ising models



Spectral Independence

𝐷𝑘→1 𝑆 : sample 𝑖 ∈ 𝑆 uniformly
1

𝛼
-spectral independence  ∀ν: 𝒟𝑥2(𝜈| 𝜇 ≥ 𝛼𝑘𝒟𝑥2(𝜈𝐷𝑘→1| 𝜇𝐷𝑘→1 (1)

1 ⇔ 𝜆2 𝑈1→𝑘𝐷𝑘→1 = 𝜆2 𝑈1→2𝐷2→1 ≤ 1 − 𝛼/𝑘 ⇔ ||Ψ𝜇
𝑐𝑜𝑟𝑟||2 ≤

1

𝑎



Spectral Independence

𝐷𝑘→1 𝑆 : sample 𝑖 ∈ 𝑆 uniformly
1

𝛼
-spectral independence  ∀ν: 𝒟𝑥2(𝜈| 𝜇 ≥ 𝛼𝑘𝒟𝑥2(𝜈𝐷𝑘→1| 𝜇𝐷𝑘→1 (1)

Spectral independence ⇒ contraction of 𝒟𝑥2 by 𝐷𝑘→ 𝑘−ℓ

? ⇒ contraction of 𝒟𝐾𝐿 by 𝐷𝑘→ 𝑘−ℓ



Entropic Independence

𝐷𝑘→1 𝑆 : sample 𝑖 ∈ 𝑆 uniformly
1

𝛼
-spectral independence  ∀ν: 𝒟𝑥2(𝜈| 𝜇 ≥ 𝛼𝑘𝒟𝑥2(𝜈𝐷𝑘→1| 𝜇𝐷𝑘→1

1

𝛼
-entropic independence  ∀ν: 𝒟𝐾𝐿(𝜈| 𝜇 ≥ 𝛼𝑘𝒟𝐾𝐿(𝜈𝐷𝑘→1| 𝜇𝐷𝑘→1



Entropic Independence

𝐷𝑘→1 𝑆 : sample 𝑖 ∈ 𝑆 uniformly
1

𝛼
-spectral independence  ∀ν: 𝒟𝑥2(𝜈| 𝜇 ≥ 𝛼𝑘𝒟𝑥2(𝜈𝐷𝑘→1| 𝜇𝐷𝑘→1

1

𝛼
-entropic independence  ∀ν: 𝒟𝐾𝐿(𝜈| 𝜇 ≥ 𝛼𝑘𝒟𝐾𝐿(𝜈𝐷𝑘→1| 𝜇𝐷𝑘→1

Scaling of 𝜇 by 𝜆:

𝜆 ∗ 𝜇 𝑆 = 𝜇(𝑆) ς𝑖∈𝑆 𝜆𝑖

Main theorem:
1

𝛼
-spectral independence of 𝜆 ∗ 𝜇∀ (𝛼-FLC) ⇒

1

𝛼
-entropic independence of 𝜇



Main theorem

1

𝛼
-spectral independence of 𝜆 ∗ 𝜇∀𝜆 ∈ ℝ≥0

𝑛

⇒
1

𝛼
-entropic independence of 𝜇



Entropic independence

𝐷𝑘→1 𝑆 : sample 𝑖 ∈ 𝑆 uniformly 
1

𝛼
-entropic independence  ∀ν: 𝒟𝐾𝐿(𝜈| 𝜇 ≥ 𝛼𝑘𝒟𝐾𝐿(𝜈𝐷𝑘→1| 𝜇𝐷𝑘→1

Why 𝐷𝑘→1 instead of 𝐷2→1?

o𝐷2→1 has no entropy contraction for natural distributions of interest

o𝐷2→1 has contraction only for restricted case: distribution on O(1)-bounded 
degree graphs with bounded marginals [Chen-Liu-Vigoda—STOC’21], uniform 
distribution over matroid bases [Cryan-Guo-Mousa—FOCS’19]



From EI to optimal mixing time

𝐷𝑘→1 𝑆 : sample 𝑖 ∈ 𝑆 uniformly
1

𝛼
-entropic independence  ∀ν: 𝒟𝐾𝐿(𝜈| 𝜇 ≥ 𝛼𝑘𝒟𝐾𝐿(𝜈𝐷𝑘→1| 𝜇𝐷𝑘→1

Local-to-global (similar to [Alev-Lau—STOC’21]) ⇒ optimal mixing for Glauber dynamics 
on Ising/hardcore model and other local walks



Main theorem

1

𝛼
-spectral independence of 𝜆 ∗ 𝜇∀ (𝛼-Fractionally Log Concave) 

⇒
1

𝛼
-entropic independence of 𝜇
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Generating polynomial

Generating polynomial of 𝜇: [𝑛]
𝑘

→ ℝ≥0

𝑓𝜇 𝑧1, … , 𝑧𝑛 : = σ𝜇 𝑆 ෑ

𝑖∈𝑆

𝑧𝑖

Scaling of 𝜇 by external field 𝜆 ∈ ℝ≥0
𝑛 :

𝜆 ∗ 𝜇 𝑆 = 𝜇(𝑆) ς𝑖∈𝑆 𝜆𝑖
𝜇: 0,1 𝑛 → ℝ≥0 𝑓𝜇: ℝ𝑛 → ℝ≥0



EI/FLC vs. geometry of polynomial

1

𝛼
-entropic independence: 𝑓𝜇 𝑧1

𝛼 , … , 𝑧𝑛
𝛼 ൗ1

𝑘𝛼 ≤ σ𝑧𝑖𝑝𝑖
𝜇

for 𝑧𝑖 ∈ 0, +∞ (2)



EI/FLC vs. geometry of polynomial

𝛼-fractional-log concave ⇒ (2) 
1

𝛼
-entropic independence

1

𝛼
-entropic independence: 𝑓𝜇 𝑧1

𝛼 , … , 𝑧𝑛
𝛼 ൗ1

𝑘𝛼 ≤ σ𝑧𝑖𝑝𝑖
𝜇

for 𝑧𝑖 ∈ 0, +∞ (2)

1

𝛼
-spectral independence: 𝑓𝜇 𝑧1

𝛼 , … , 𝑧𝑛
𝛼 ൗ1

𝑘𝛼 ≤ σ𝑧𝑖𝑝𝑖
𝜇

for 𝑧𝑖 ∈ 1 − 𝜖, 1 + 𝜖

𝛼-fractional-log concave: 𝑓𝜆∗𝜇 𝑧1
𝛼 , … , 𝑧𝑛

𝛼 ൗ1
𝑘𝛼 ≤ σ𝑧𝑖𝑝𝑖

𝜆∗𝜇
for 𝜆𝑖 , 𝑧𝑖 ∈ (0, +∞)

(*)



Geometry of Polynomials

𝛼-Fractional-log-concave
𝑔 concave in ℝ+

𝑛

[Alimohammadi-
Anari-Shiragur-V.--
STOC’21]

1

𝛼
-Entropic independence

𝑓 𝑧1
𝛼 , … , 𝑧𝑛

𝛼 ൗ1
𝑘𝛼 ≤ σ𝑧𝑖𝑝𝑖

for 𝑧𝑖 ∈ (0, 𝐶)

[Anari-Jain-
Koehler-Pham-
V.’21a,b]

1

𝛼
-Spectral independence

g concave 
for 𝑧𝑖 = 1

[Anari-Liu-
OveisGharan
--FOCS’20]

h = log f 𝑧1
𝛼 , … , 𝑧𝑛

𝛼 , pi = ℙ𝑆∼𝜇[𝑖 ∈ 𝑆] = 𝜕𝑖 ℎ(1, … , 1)

h concave  𝑔: = 𝑓 𝑧1
𝛼 , … , 𝑧𝑛

𝛼 ൗ1
𝑘𝛼 concave 



Geometry of polynomials

𝛼-Fractional 
log-concave

1

𝛼
-Spectral 

independence

1

𝛼
-Entropic 

independence

Sampling
Tight mixing time for 

local walks

[Anari-Jain-
Koehler-Pham-
V.’21a,b]

Under all scalings



Proof of (*)

• Minimize 𝒟𝐾𝐿(𝜈| 𝜇 = σ𝜈 𝑆 log 𝜈 𝑆 /𝜇(𝑆) s.t. 𝜈𝐷𝑘→1=q

• Minimizer: 𝜈 𝑆 = 𝜇 𝑆 𝜆𝑆 = 𝜇 𝑆 ς𝑖∈𝑆 𝑧_𝑖

• Lagrange multiplier:

By duality in convex programming:

min {𝒟𝐾𝐿 𝜈 𝜇 𝜈𝐷k→1 = 𝑞 ≥ min Φ 𝜈 : = σ𝜈 𝑆 log
𝜈 𝑆

𝜇 𝑆
−𝜆(σ𝑆 𝜈 𝑆 − 1) − σ𝑖 𝜆𝑖 σ𝑆⊃𝑖 𝜈 𝑆 − 𝑘𝑞𝑖

min Φ 𝜈 = min(− ln 𝑓𝜇 𝑧1, … , 𝑧𝑛 + σ𝑖 𝑘𝑞𝑖 log 𝑧𝑖)



Proof of (*)

exp(−
Φ 𝜈

𝑘𝛼
) ≤

σ𝑝𝑖𝑦𝑖

𝑦1
𝑞1 … 𝑦𝑛

𝑞𝑛

min {𝒟𝐾𝐿 𝜈 𝜇 𝜈𝐷k→1 = 𝑞

𝑘𝛼
≥ min

Φ 𝜈

𝑘𝛼
≥ σ𝑞𝑖 log

𝑞𝑖

𝑝𝑖
= 𝒟𝐾𝐿(𝜈𝐷𝑘→1| 𝜇𝐷𝑘→1

𝑦𝑖 =
𝑞𝑖

𝑝𝑖
⇒ exp(− min

Φ 𝜈

𝑘𝛼
) ≤

σ𝑞𝑖

𝑞1
𝑝1

𝑞1

…
𝑞𝑛
𝑝𝑛

𝑞𝑛
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From EI to optimal mixing time

• If 𝜇: [𝑛]
𝑘

→ ℝ≥0 and its conditionals are 
1

𝛼
-EI then for ℓ = ⌈

1

𝛼
⌉

(1 −
1

𝑘
1
𝛼

)𝒟𝐾𝐿(𝜈| 𝜇 ≥ 𝒟𝐾𝐿(𝜈𝐷𝑘→ 𝑘−ℓ | 𝜇𝐷𝑘→(𝑘−ℓ)

Thus ⌈
1

𝛼
⌉-steps down-up walk has mixing time ෨𝑂(𝑘

1

𝛼)



From EI to optimal mixing time

• If 𝜇 is 𝛼-FLC then for ℓ = ⌈
1

𝛼
⌉

(1 −
1

𝑘
1
𝛼

)𝒟𝐾𝐿(𝜈| 𝜇 ≥ 𝒟𝐾𝐿(𝜈𝐷𝑘→ 𝑘−ℓ | 𝜇𝐷𝑘→(𝑘−ℓ)

Thus ⌈
1

𝛼
⌉-steps down-up walk has mixing time ෨𝑂(𝑘

1

𝛼)

Extend [Cryan-Guo-Mousa—STOC’20] for 𝛼 < 1. 



Local to global (Similar to [Alev-Lau—STOC’21])

Δ𝑘
∅

Δ0
∅

𝒟𝐾𝐿(𝜈| 𝜇 ≥ 𝛼𝑘𝒟𝐾𝐿(𝜈𝐷𝑘→1| 𝜇𝐷𝑘→1



𝑖=1

𝑘

Δ𝑖
∅

Δ0
∅

Δ0
{1}

{1}

Δ0
{1,2}

σ𝑖=0
𝑘−1 Δ𝑖

{𝑗}
≥ 𝛼(𝑘 − 1) Δ0

{𝑗}



𝑗



𝑖=0

𝑘−1

Δ𝑖
{𝑗}

≥ 𝛼 𝑘 − 1 

𝑗

Δ0
{𝑗}



𝑖=0

𝑘

Δ𝑖
∅

Δ1
∅
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• Markov chain and mixing time

2. Entropic Independence
• Definition
• From fractional log-concavity to entropic independence

3. Tight mixing time for local walks
• Local-to-global argument
• Glauber dynamics for Ising/hardcore models



Glauber dynamics on Ising models

• [Eldan-Koehler-Zertouni’21]: Reduce to interaction matrix 𝐽 of rank 1 i.e. 𝐽 =
𝑢𝑇𝑢

• Naïve local-to-global ⇒ 𝑂 𝑛1/(1− 𝑢
2

2
) -mixing of 1/ 1 − 𝑢

2

2
-steps down 

up walk

• Need: 𝑂 𝑛/(1 − 𝑢
2

2
) -mixing of Glauber dynamics (1-step down-up walk)



Induction: 1 −
1− 𝑢

2

2

𝑛
𝒟𝐾𝐿(𝜈| 𝜇 ≥ 𝒟𝐾𝐿(𝜈𝐷| 𝜇𝐷

with 𝐷 = 𝐷𝑛→ 𝑛−1

• 𝜇 . 𝜎𝑖 = +1) is Ising model with 𝐽 = 𝑢−𝑖
𝑇 𝑢−𝑖

• Apply induction hypothesis to 𝜇(+𝑖) = 𝜇 . 𝜎𝑖 = +1) gives

1 −
1 − 𝑢−𝑖 2

2

𝑛 − 1
𝒟𝐾𝐿(𝜈 +𝑖 | 𝜇 +𝑖 ≥ 𝒟𝐾𝐿(𝜈(+𝑖)𝐷| 𝜇(+𝑖)𝐷



Induction: 1 −
1− 𝑢

2

2

𝑛
𝒟𝐾𝐿(𝜈| 𝜇 ≥ 𝒟𝐾𝐿(𝜈𝐷| 𝜇𝐷

with 𝐷 = 𝐷𝑛→ 𝑛−1

• 𝜇 . 𝜎𝑖 = +1) is Ising model with 𝐽 = 𝑢−𝑖
𝑇 𝑢−𝑖

• Apply induction hypothesis to 𝜇(+𝑖) = 𝜇 . 𝜎𝑖 = +1) gives

1 −
1 − 𝑢−𝑖 2

2

𝑛 − 1
𝒟𝐾𝐿(𝜈 +𝑖 | 𝜇 +𝑖 ≥ 𝒟𝐾𝐿(𝜈(+𝑖)𝐷| 𝜇(+𝑖)𝐷

• 𝜈𝑖(+1)𝒟𝐾𝐿(𝜈 +𝑖 | 𝜇 +𝑖 + 𝜈𝑖(−1)𝒟𝐾𝐿(𝜈 −𝑖 | 𝜇 −𝑖 = 𝒟𝐾𝐿(𝜈| 𝜇 − 𝒟𝐾𝐿(𝜈𝑖| 𝜇𝑖

• 1 −
1− 𝑢−𝑖 2

2

𝑛−1
𝒟𝐾𝐿(𝜈| 𝜇 +

1− 𝑢−𝑖 2

2

𝑛−1
𝒟𝐾𝐿(𝜈𝑖| 𝜇𝑖 ≥ 𝒟𝐾𝐿(𝜈𝐷| 𝜇𝐷

Where for 𝜇, 𝜈: ±1 𝑛 → ℝ≥0, 𝜇𝑖 , 𝜈i: ±1 → ℝ≥0 are marginal distributions of i-th coordinate.



Induction (continue)

• Average over i gives
𝒟𝐾𝐿(𝜈𝐷| 𝜇𝐷

≤
1

𝑛


𝑖

1 −
1 − 𝑢−𝑖 2

2

𝑛 − 1
𝒟𝐾𝐿(𝜈| 𝜇 +

1 − 𝑢−𝑖 2

2

𝑛 − 1
𝒟𝐾𝐿(𝜈𝑖| 𝜇𝑖

≤ 1 −
1

𝑛−1
+

𝑢
2

2

𝑛
𝒟𝐾𝐿(𝜈| 𝜇 +

1

𝑛(𝑛−1)
𝒟𝐾𝐿(𝜈||𝜇)

EI



Non-uniform entropic independence

For 𝜇, 𝜈: ±1 𝑛 → ℝ≥0 let 𝜇𝑖 , 𝜈i: ±1 → ℝ≥0 be marginal distribution of i-th

coordinate. 𝜇 ≡ 𝜇ℎ𝑜𝑚: 𝑛 ∪[ ത𝑛]
𝑛

→ ℝ≥0

We say 𝜇 is (𝛼1, … , 𝛼𝑛)-entropic independence (EI) if 

∀ν: 𝒟𝐾𝐿(𝜈| 𝜇 ≥ 

𝑖

𝛼𝑖 𝒟𝐾𝐿(𝜈𝑖| 𝜇𝑖

(𝛼1, … , 𝛼𝑛)-FLC ⇒ (𝛼1, … , 𝛼𝑛)-EI

3 4 4 5 51 1 2 2 3

𝜇1 +1 + 𝜇1 −1
= 1



Entropic independence of Ising models

• For 𝜇 ≡ Ising model with 𝐽 = 𝑢𝑇𝑢, show (𝛼1, … , 𝛼𝑛)-FLC/EI with

𝛼𝑖 = 1 − 𝑢−𝑖 2

2
= 1 − σ𝑗≠𝑖 𝑢𝑗

2



Entropic independence of Ising models

• For 𝜇 ≡ Ising model with 𝐽 = 𝑢𝑇𝑢, show (𝛼1, … , 𝛼𝑛)-FLC/EI with

𝛼𝑖 = 1 − 𝑢−𝑖 2

2
= 1 − σ𝑗≠𝑖 𝑢𝑗

2

• Dobrushin matrix: 𝜎𝑖 ≡ 𝜎 with i-th coordinate flipped

𝑅𝑖𝑗 = max
𝜎−𝑖

𝑑𝑇𝑉(𝜇 . 𝜎−𝑖 , 𝜇 . 𝜎−𝑖
𝑗

) ≤ |𝑢𝑖𝑢𝑗|



Entropic independence of Ising models

• For 𝜇 ≡ Ising model with 𝐽 = 𝑢𝑇𝑢, show (𝛼1, … , 𝛼𝑛)-FLC/EI with

𝛼𝑖 = 1 − 𝑢−𝑖 2

2

• Dobrushin matrix: 𝜎𝑖 ≡ 𝜎 with i-th coordinate flipped

𝑅𝑖𝑗 = max
𝜎−𝑖

𝑑𝑇𝑉(𝜇 . 𝜎−𝑖 , 𝜇 . 𝜎−𝑖
𝑗

) ≤ |𝑢𝑖𝑢𝑗|

• 𝑈 ≔ 𝑑𝑖𝑎𝑔 𝑢1 , … , 𝑢𝑛 then ||𝑈𝑅𝑈−1 |1 ≤ | 𝑢||2
2

+[Blanca-Caputo-Chen-Parisi-Stefankovic-Vigoda’21,Liu—RANDOM’21]⇒ (1 − 𝑢
2

2
)-FLC

+[AJKPV’21a]: (𝛼1, … , 𝛼𝑛)-FLC



(continue)

• Influence matrix Ψ𝜇
inf 𝑖, 𝑗 = 𝜇 𝜎𝑗 = +1 𝜎𝑖 = +1 − 𝜇 𝜎𝑗 = +1 𝜎𝑖 = +1

• Let 𝜇(±𝑖) = 𝜇 . 𝜎𝑖 = ±1) then 

• σ 𝑢𝑗Ψ𝜇
inf 𝑖, 𝑗 ≤

𝑛−1

𝛼𝑖
max
𝜎−𝑖

σ𝑗 |uj P𝜇 +𝑖 𝜎−𝑖 → 𝜎−𝑖
𝑗

− P𝜇 −𝑖 𝜎−𝑖 → 𝜎−𝑖
𝑗

|

≤
1

𝛼𝑖
σ𝑗 |uj|𝑅𝑖𝑗 ≤

1

𝛼𝑖
𝑢𝑖 𝑢−𝑖 2

2

Thus ||𝑑𝑖𝑎𝑔 𝛼𝑖 𝑈Ψ𝜇
inf𝑈−1||1 ≤ 1 ⇔ (𝛼1, … , 𝛼𝑛)-spectral independence

• Scaling 𝜇 doesn’t change interaction matrix, so only needs to show spectral 
independence



Overview

1. Motivation
• Ising and hardcore model
• Glauber dynamics
• Multi-step down-up walks
• Markov chain and mixing time

2. Entropic Independence
• Definition
• From fractional log-concavity to entropic independence

3. Tight mixing time for local walks
• Local-to-global argument
• Glauber dynamics for Ising/hardcore models



Glauber dynamics for hardcore models (𝜆 < 𝜆Δ(1 − 𝛿))

• Hardcore model distribution is NOT fractionally log-concave

• Not spectrally independent when 𝜆𝑖 > 𝜆Δ



Glauber dynamics for hardcore models (𝜆 < 𝜆Δ(1 − 𝛿))

• Hardcore model distribution is NOT fractionally log-concave

• Not spectrally independent when 𝜆𝑖 > 𝜆Δ

• But is O
1

𝛿
-spectral independence when 𝜆𝑖 < 𝜆Δ 1 − 𝛿 ∀𝑖

• This implies a restricted form of entropic independence
𝒟𝐾𝐿(𝜈| 𝜇 ≥ 𝛼𝑘𝒟𝐾𝐿(𝜈𝐷𝑘→1| 𝜇𝐷𝑘→1

for 𝜈 in a restricted class of distribution.



Glauber dynamics for hardcore models (𝜆 < 𝜆Δ(1 − 𝛿))

Proof sketch:

1. Restricted entropic independence

2. (Restricted) entropy contraction for field-dynamics 
oField dynamics: reduce sampling at 𝜆 ≡ 𝜆Δ to 𝜆 ≪ 𝜆Δ

oField dynamics can be viewed as multi-step down-up walk

oLocal-to-global arguments + restricted entropy contraction



Glauber dynamics for hardcore models (𝜆 < 𝜆Δ(1 − 𝛿))

Proof sketch:

1. Restricted entropic independence

2. (Restricted) entropy contraction for field-dynamics 
oField dynamics: reduce sampling at 𝜆 ≡ 𝜆Δ to 𝜆 ≪ 𝜆Δ

3. Restricted entropy contraction for Glauber dynamics
oEach step of field dynamic is implementable by GD steps in easier regime 

(𝜆 ≤
1

Δ
)

oGD in easier regime has known entropy contraction.
oComparison between field-dynamics and Glauber dynamics



Subsequent works

• [Chen-Eldan’22,Chen-Feng-Yin-Zhang’22] use entropic independence to show full 
entropy contraction for hardcore model and other anti-
ferromagnetic 2-spin systems.



Other applications

𝛼-Fractional 
log-concave

1

𝛼
-Spectral 

independence

1

𝛼
-Entropic 

independence

Sampling
Tight mixing time for 

local walks

[Anari-Jain-Koehler-
Pham-V.’21a,b]

Sampling 
DPPs 

෨𝑂( 𝑘)-parallel round
෨𝑂(𝑘𝜔)-amortized time

[Anari-Burgess-
Tian-V.’21]

[Anari-Liu-
V.’21]

Under all scalings


