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Sampling from a distribution

* Given access to density function u: 0 = R, output x in  s.t.
P[x] o< p(x)
E.g.: (sampling problems)

o random [Aldous-Broder’90, Colbourn-Myrvold-Neufeld’96, Kelner-Madry’09,
Madry-Straszak-Tarnawski’15, Schild’18, Anari-Liu-OveisGharan-Vinzant-V.—STOC’'21]

[Anari-Liu-OveisGharan-Vinzant—STOC’19,Cryan-Guo-Mousa—F0CS’19]
perfect matching? [Jerrum-Sinclair-Vigoda’04]



Sampling from a distribution

* Given access to density function u: 0 = R, output x in  s.t.
Plx] o< u(x)
» Sufficient to approximately sample i.e. output x according to P s.t.

dry(P,P) =Y |P(x) — P(x)|<0.01



Overview

1. Motivation
* Ising and hardcore model
* Glauber dynamics
* Multi-step down-up walks
* Markov chain and mixing time

2. Entropic Independence

* Definition

* From fractional log-concavity to entropic independence
3. Tight mixing time for local walks

* Local-to-global argument
* Glauber dynamics for Ising/hardcore models
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Hardcore model

Counting/sampling independent sets of
graph G = G (VE) with max degree A

MIS is NP-hard

A=A = %: NP-hard to count/sample

A < AA(1 = 6) (tree-unique region):

Ug 2 has correlation decay. Easy to sample?

Many recent results

HG,A(U) =

(i,/))€E(G)

10,0, = 0] 1_[ A

i:0i=1



Overview

1. Motivation
* Ising and hardcore model
* Glauber dynamics
e Multi-step down-up walks



Sampling using Glauber dynamics

 Startat distribution puy, apply transition rule
for T steps to reach desired distribution wu.

« Want: T = O(nlogn) i.e. optimal mixing
time.
* Need: theory to bound mixing time.

1'Dn—>(n—1): ..... - .. ..
2.Un-1)-n: @@ @O

u(o; = +1l0_3)
u(os = —1lo_3)
12000 12300



Multi-steps down-up walk for u: ([Z]) - Ry

L Dy (k-0 .”<§

2. U(k—{’)—>k:

P = Dy (k-0)Uk—0)-k



Why study (multi-step) down-up walks?

* 1-step down-up walks = Glauber dynamics, basis exchange walks
to sample matroid bases

 2-step down-up walks: sample matchings in planar graph
[Alimohammadi-Anari-Shiragur-V.—STOC’21]

* Block Glauber dynamics [Chen-Liu-Vigoda—STOC'21]

* Field dynamics (to sample from hardcore models) [chen-Yin-Feng-zZhang—
FOCS'21]
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* Ising and hardcore model
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e Multi-step down-up walks
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Markov chain and mixing time

» Markov chain with transition matrix P with stationary dist. u
v o> vP 5 VvP? > .. > u=uP
 Distance between probability distribution (f—dlver[gences
>0

Dy (v||w) = E [f (mx))] f(IE V)

* To bound number of steps till convergence (T;y;, ), need to show P contract Df
Dy (vP|uP) < (1— p)Dy (vl |)




f-divergence contraction vs. mixing time

Variance contraction (f = x?)

* Tnix = pxl log min p(x) ™
*Px2 = 1- AZ(P)



f-divergence contraction vs. mixing time

Variance contraction (f = x?) Entropy contraction (f = x log x)
* Trnix < oz log min pu(x) ™" * Tmix < pii loglog minp(x)™*
*p,2=1—21,(P) * Dy1ogx = Di1



f-divergence contraction vs. mixing time

Variance contraction (f = x?) Entropy contraction (f = x log x)
* Trnix < P2 logmin pu(x)™? * Tmix < pxi loglog min u(x)™
*p,2=1—21,(P) * Dy1ogx = Di1

Typically for Glauber dynamics: p,2 = pg; = %

but log min u(x)~! = n. Bounding py; = quadratic improvement on T,,;,

Bonus: px; = 1/n = concentration of Lipschitz functions
It is hard to bound pg; !



Multi-steps down-up walks

* Transition matrix P = Dy, x—pn)Uk—p)>k
* Reversible
* Converge to u (u is used to define up-operator)

* Mixing time is controlled by entropy contraction of Dj._,
DKL(VDke(k—f)l‘uDke(k—f)) < (1 —p)Dr(v||u)



Sampling from Ising models

Sampling time
A . ||]||2 <1
J=@A1)/n h=0
XP(O(VR))  frrvreroreses s P B2 1.
i : 1], <1
0(n?) ] h=0
Curies-Weiss ! : “] | |2 <1
~ — (11T i |
o(n e = AAD M e
( ) hi=0 |
[Marton’15] [Bauerschmidt [Anari-Jain-
- Bodineau’19] %Eldan-g’(;elhler- Koehler-Pham-
ertouni’21] V'21a,

Chen-Eldan’22]



Sampling from hardcore model @ < 1,a -6

Sampling time

6(nlog A)

6(nV/%)

0(n?)

0(n)

y
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A=0(1)
[Weitz-06] [Anari-Liu-  [Chen-Liu- _ [Anari-Jain-Koehler-
OveisGharan Vigoda- [Chen-Yin- Pham-V.21a,b],
—FOCS'20]  STOC"21] Feng-Zhang- [Chen-Eldan’22]
FOCS [Chen-Yin-Feng-
21] Zhang'22]
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Spectral Independence

D;._,1(S): sample i € S uniformly
%-spectral independence < Vv: D,2(v||u) = akD,2(vDy_1|ltDrs1) (1)

1
(1) © 2,(U15,Dks1) = 22(Ui2Dp51) S 1 —a/k & ||P07 |2 < -



Spectral Independence

D;._,1(S): sample i € S uniformly
%-spectral independence < Vv: D,2(v||u) = akD,2(vDy_1|ltDrs1) (1)

Spectral independence = contraction of D,z by Dy _,x—_¢)

? = contraction of Dk, by Dy, k—p)



Entropic Independence

D;._,1(S): sample i € S uniformly
%-spectral independence < Vv: D,2(v||u) = akD,2(vVDy_1||tDr51)

l-entropic independence & Vv: Dy (v||u) = akDg (vVDy_1||uDy-1)

a



Entropic Independence

D;._,1(S): sample i € S uniformly
%-spectral independence < Vv: D,2(v||u) = akD,2(vVDy_1||tDr51)

i-entropic independence & Vv: Dy (v||u) = akDg (vVDy_1||uDy-1)

Scaling of u by A:
A u(S) = u(S) Iies Ai

%-spectral independence of A * uV (a-FLC) = %-entropic independence of u



Main theorem




Entropic independence

D;._,1(S): sample i € S uniformly
%-entropic independence <& Vv: Dy (V||1) = akDy; (VDy 1 ||tDs-1)
Why D, _,; instead of D,_,1?

o D,_,1 has no entropy contraction for natural distributions of interest

o D,_,1 has contraction only for restricted case: distribution on O(1)-bounded
degree graphs with bounded marginals [chen-Liu-vigoda—sT0oC’21], uniform
distribution over matroid bases [Cryan-Guo-Mousa—FO0CS’19]



From EI to optimal mixing time

Dy _,1(S): sample i € S uniformly
%-entropic independence <& Vv: Dy (V||n) = akDg; (vVDy 1 ||uDy51)

Local-to-global (similar to [Alev-Lau—STOC’21]) = optimal mixing for Glauber dynamics
on Ising/hardcore model and other local walks



Main theorem




Overview

1. Motivation
* Ising and hardcore model
* Glauber dynamics
e Multi-step down-up walks
e Markov chain and mixing time

2. Entropic Independence
* Definition
* From fractional log-concavity to entropic independence



Generating polynomial

Generating polynomial of u: ([Z]) - R.g
f,u(le ey lp ): — Z,Ll(S) 1_[ Zj
i€S
Scaling of u by external field A € RZ,:
A p(S) = pu(S) [ies Ai

©:{0,1}" - Ry, furR™ = Ry

N




EI/FLC vs. geometry of polynomial

%-entropic independence: f, (z{, vy 28) Tka < Y z;p! for z; € (0, +00) (2)



EI/FLC vs. geometry of polynomial

%-entropic independence: f, (z{, vy 28) Tka < Y z;p! for z; € (0, +00) (2)

%-spectral independence: f,, (2%, ..., z%) /ka < Yz;p! forz; € (1 —€,1 + €)

a-fractional-log concave: fj,, (27, ey 2%) ke < Zzipi’l*“ for A;,z; € (0, +0)

a-fractional-log concave = (2) <~ %-entropic independence
)



Geometry of Polynomials
h =log f(z{, ..., z7}),p; = Ps-,[i € S] =0; h(1,...,1)
h concave < g: = f(z%, ..., z%) /ka concave

.

%—Spectral independence

gu > 1

.

1 ..
E-Entroplc independence

g concave a-Fractional-log-concave F(2%, ..., 29) ke < Yap;

forz; =1 g concave in R for z; € (0,C)
[Anari-Liu- [Alimohammadi- [Anari-Jain-
OveisGharan Anari-Shiragur-V.-- Koehler-Pham-
--FOCS’20] STOC'21]

V.21a,b]



Geometry of polynomials

Under all scalings

a-Fractional
log-concave

1 : h 1
E-Entroplc ::{ E-Spectral J
independence ) independence

[Anari-Jain-
Koehler-Pham-
V.!213,b]
Sampling
Tight mixing time for
local walks




Proof of (*)

e Minimize Dg; (| i) = Y v(S) logv(S)/u(S) s.t. vDs,_1=q
* Minimizer: v(S) = u(S)A° = u(S) [jes z_i

* Lagrange multiplier:
min {D, (v||w)|[vDro1 = ¢} = min @ (v): = Yv(S) log% —2ACsv(S) - 1) =3, 4, s v(S) — kq;)

By duality in convex programming:

min ®(v) = min(—Inf,(z, ..., z,) + X; kq; )



Proof of (*)

d(v) XDiYi
exp(— ) =< n
ka vty
q; ] CD(V) qu
. = — = exp(— min <
Yi D, p( lq ) (ﬂ)ch .(q_n)%
P1/) T \Pn

min {Dy;, (v||1)|vDi1 = q} > min o) > Y, logﬂ = Dg1 (VD1 ||uDg-1)
ko ka Pi
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From EI to optimal mixing time

o If u: ([Z]) — R, and its conditionals are %-EI then for £ = [i]

1
(1- T)DKL (v|lu) = Dk, (VDk—>(k—{’)”.UDk—>(k—€))
ka

~ 1
Thus [%]-steps down-up walk has mixing time O (k)



From EI to optimal mixing time

* If pis a-FLC then for £ = [i]

1
(1- T)DKL (v|lu) = Dk, (VDk—>(k—{’)”.UDk—>(k—€))
ka

~ 1
Thus [%]-steps down-up walk has mixing time O (k)

Extend [Cryan-Guo-Mousa—STOC’20] fora < 1.



Local to global (Similar to pevtan—sroc21))

L AD
Al Dy (v]|pw) = ak‘z\)KL (VDg 5l |.UDk—>1P
. \ J Y

YEEA > ak - 1) AL
(12)
A \/ k—1
| 0}

zA{i’} > a(k — 1)zAO
Ai,”l \/ / L :YO | L]H
).

13
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Glauber dynamics on Ising models

* [Eldan-Koehler-Zertouni’21]: Reduce to interaction matrix / of rank 1 i.e. ] =
ulu

2
* Naive local-to-global = O(nl/(l_“””z))-mixing of 1/ (1 - ||u| |§)'Steps down
up walk

* Need: 0 (n/(l — ||u| |§))-mixing of Glauber dynamics (1-step down-up walk)



1- |l

Induction: (1 )DKL(VHu) > Dy (vD||uD)

with D = Dypomn-1)

n

« u(.lo; = +1) is Ising model with | = u",u_;

* Apply induction hypothesis to ,u;”) = u(.|o; = +1) gives

1—|lu_; , , . :
(1 _ n“_ 1l||2)DKL(V(+l)||.U(+l)) > DKL(V(+L)D||M(+1)D)




1- |l

Induction: (1 )DKL(VHu) > Dy (vD||uD)

with D = Dypomn-1)

n

« u(.lo; = +1) is Ising model with | = u",u_;

* Apply induction hypothesis to ,u;”) = u(.|o; = +1) gives

1—|lu_; , , . :
(1 _ n“_ 1l||2)DKL(V(+l)||.U(+l)) > DKL(V(+L)D||M(+1)D)

* Vi(+D)D, (v HD) + v (— 1) Dy, vED | D) = Dy, () — D (vi [ 1142)

1—||u—i||2
‘ (1 - 2) Dir(v|lw) +

n-—1

1_||u—i||§

Dy (villpi) = Dk (vD||uD)

Where for u, v: {£1}" - R, 4;, vi: {1} = R, are marginal distributions of i-th coordinate.

n-1



Induction (continue)

* Average over i gives

Dk (vD|[uD) i

2 2

1 1—“’“—1‘”2 1_“u—i”2
S; 2 1- S Dy (vl + — D1, (villus)

l
B El
v || 1 4
<\1- i Dy (v|Iw) + n(—1) Dy (vl|u)




Non-uniform entropic independence

For u,v: {+1}"* - R, let u;,v;: {1} - R, be marginal distribution of i-th

coordinate. u = phom. (["]z - R5g

We say u is (a4, ..., @y )-entropic independence (EI) if
vv: Dy (V1) 2 ) Dy (vil )

i

(aq, ...,a,)-FLC = (aq, ..., a;;)-EI

1 1 2 2 3 3 4 4 5 5

p(+1) +py (1)
=1



Entropic independence of Ising models

* For u = Ising model with | = u’u, show (a4, ..., a,,)-FLC/EI with
2
a; = (1 — Hu_il‘z) =1 =X uf



Entropic independence of Ising models

* For u = Ising model with | = u’u, show (a4, ..., a,,)-FLC/EI with
a; = (1 — “u—i”z) =1 =X uf
» Dobrushin matrix: ¢' = o with i-th coordinate flipped
Rij = max dry (u(.lo_p), u ( ‘Uii)) < |u;y;



Entropic independence of Ising models

* For u = Ising model with | = u’u, show (a4, ..., a,,)-FLC/EI with

2
a; = (1 - “u—in)
» Dobrushin matrix: ! = ¢ with i-th coordinate flipped
Ri; = max dry(u(.lo_;), u ( ‘Uli)) < |u;u;|
* U = diag(luyl, ..., luy|) then [[URUT |1 < |lull5

+[Blanca-Caputo-Chen-Parisi-Stefankovic-Vigoda’21,Liu—RANDOM’21]= (1 — ||u||2)-FLC
+[AJKPV’'21a]: (ay, ..., ay)-FLC



(continue)

* Influence matrix WM, j) = u(o; = +1|0; = +1) — u(o; = +1|0; = +1)
e Let uE) = u(. |o; = +1) then
o« Y|P, )| < —max 2. |y ( P (+D (U—i - Uzl-) —P - (U—i - Uzi)) |
<=3, iRy < ~wiflul,

Thus ||diag(ai)U1P!ilnfU_1|I1 <1¢& (ay,..,a,)-spectral independence

 Scaling u doesn’t change interaction matrix, so only needs to show spectral
independence
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* Local-to-global argument
* Glauber dynamics for Ising/hardcore models



Glauber dynamics for hardcore models (1 < 2,(1 - 6))

* Hardcore model distribution is NOT fractionally log-concave
* Not spectrally independent when A; > A,



Glauber dynamics for hardcore models (1 < 2,(1 - 6))

* Hardcore model distribution is NOT fractionally log-concave
* Not spectrally independent when A; > A,
* Butis O (%)-spectral independence when 4; < A,(1 — §)Vi

 This implies a restricted form of entropic independence
Dgr(vlln) = akDgy (vDyq||uDy1)

for v in a restricted class of distribution.



Glauber dynamics for hardcore models @ <1,a-6)

Proof sketch:
1. Restricted entropic independence

2. (Restricted) entropy contraction for field-dynamics
o Field dynamics: reduce sampling at A = A5 to 1 K A,
o Field dynamics can be viewed as multi-step down-up walk
o Local-to-global arguments + restricted entropy contraction



Glauber dynamics for hardcore models @ <1,a-6)

Proof sketch:
1. Restricted entropic independence

2. (Restricted) entropy contraction for field-dynamics
o Field dynamics: reduce sampling at A = A5 to 1 K A,

3. Restricted entropy contraction for Glauber dynamics
o Each ﬁtep of field dynamic is implementable by GD steps in easier regime
1=7)
o GD in easier regime has known entropy contraction.
o Comparison between field-dynamics and Glauber dynamics



Subsequent works

* [Chen-Eldan’22,Chen-Feng-Yin-Zhang'22] US€ entropic independence to show full
entropy contraction for hardcore model and other anti-
ferromagnetic 2-spin systems.



Other applications

Under all scalings

a-Fractional
log-concave

[Anari-Burgess-
Tian-V./21]

1 : ) 1
(—— E-Entroplc | E-Spectral
independence ) independence
[Anari-Liu- [T
V./21]

Sampling
DPPs

0 (Vk)-parallel round
0(k®)-amortized time

[Anari-Jain-Koehler-
Pham-V.21a,b]

Sampling
Tight mixing time for
local walks



